Introduction
Nearly 70% of Earth's land surface is covered with hills and mountains. Katabatic flows are a persistent feature over the rugged land surfaces. These flows participate in the redistribution of moisture, greenhouse gases and energy in the atmosphere. Consequently, they affect local weather (Hodur, 1997) , including fog (Duynkerke, 1999) , clouds (Bromwich et al., 2001) , rain (Steiner et al., 2003) and snow (Massom et al., 2001) . In particular, the katabatic flows within a canopy (drainage flows) persistently exist even in cases where synoptic forcing is strong (Feigenwinter et al., 2010a) . These drainage flows result in many problems in measuring and modelling land-atmosphere interactions, such as serious advection errors in nocturnal eddy flux measurements (Goulden et al., 1996; Massman and Lee, 2002; Aubinet et al., 2003; Feigenwinter et al., 2008 Feigenwinter et al., , 2010a Feigenwinter et al., , 2010b Finnigan, 2008; Foken, 2008; Kutsch et al., 2008; Yi et al., 2008; Montagnani et al., 2009; Kochendorfer and Paw U, 2011) . Therefore, studying the control mechanisms of katabatic flows within the canopy has many practical implications.
Physically, katabatic flows are associated with slope cooling, ambient stratification, slope angle, vegetation structure and other factors (Haiden and Whiteman, 2005; Yi et al., 2005; Froelich and Schmid, 2006; Heinesch et al., 2007 Heinesch et al., , 2008 Sun et al., 2007; Schaeffer et al., 2008; Yi, 2009; Froelich et al., 2011) . This study explores the major controls of katabatic flows and how they work synergistically to produce maximum katabatic flows. These are still open questions even though katabatic flows have been studied for a long time since Prandtl (1952) first developed a onedimensional model for katabatic flows. Particularly, there are two opposite findings of slope effects on katabatic flows. Some studies indicate that katabatic winds are stronger on steep slopes (Mahrt, 1982; Horst and Doran, 1986; Davies et al., 1995; Princevac et al., 2008) , while others have demonstrated that katabatic winds are stronger on gentle Copyright c 2012 Royal Meteorological Society slopes (Fleagle, 1950; Zhong and Whiteman, 2008; Axelsen and van Dop, 2009) .
In this note, we attempt to clarify the theoretical causes of the above controversial findings based on a simplified model developed by Fleagle (1950) , further modified by McNider (1982) , and extended to include a vegetation layer by Yi (2009) . Although the studies on katabatic flows mentioned above are all in the absence of a canopy, we prefer to use Yi's version of this kind of model with a forested slope since forested hills play an important role in ecosystem-atmosphere exchanges of materials and energy (Finnigan and Belcher, 2004) . Fleagle (1950) conceived of a simple layer model that treated a drainage layer equivalent to a parcel being cooled on a slope. McNider (1982) , in a more formal development, then incorporated ambient stratification. In the McNider layermodel, he simply assumed that the model equations are valid for a drainage layer with idealized conditions that airflow is uniform along the slope except for a constant gradient of potential temperature consistent with the ambient stratification. Yi (2009) assumed that Fleagle-McNider's drainage parcel concept is valid within a canopy that has a uniform leaf area density (a) and drag coefficient (c D ), based on the data measured at Niwot Ridge AmeriFlux site (Fig. 8 in Yi et al., 2005) . The data indicate that wind speed and potential temperature were relatively uniform in a drainage layer within the canopy.
Governing equations
In mathematics, the governing equations of canopy flow are given by
whereū is the parcel velocity along the slope,θ the parcel potential temperature,θ 0 the ambient potential temperature, θ c potential temperature as the cooling rate is zero (Davis and McNider, 1997) , g the gravitational acceleration, α the slope angle, γ (= ∂θ 0 /∂z) the ambient lapse rate, R c the parcel cooling rate. Although we attempt to include the vegetation effect on drainage flows, we want to clarify that this model is also valid for a bare slope. For a forested slope, the second term in Eq. (1a) represents a canopy drag (
, while for a bare slope, it represents a ground surface drag (F d = −k ū 2 ). In both the models of Fleagle (1950) and McNider (1982) , they assumed that the surface friction is proportional to wind speed, i.e. F d = −kū. In the present model, we prefer to use the velocity-squared law to represent land surface drag. Taylor was the first person to use F d = −k ū 2 to describe Earth's surface friction (Taylor, 1916) . Since Taylor's investigation, F d = −k ū 2 has been tested and widely used (e.g. Sutcliffe, 1936; Deacon, 1949; Sutton, 1953) . Therefore, our conclusion will be qualitatively valid in both cases, with and without canopy cover on the slope. Without the canopy, the c D a can be attributed to k that represents the property of a rough surface in causing surface drag for the fluid passing over it (Sutton, 1953) .
Steady states and maximum flows
In this model, we pose a hypothesis that canopy thermalslope flows are governed largely by buoyancy and drag forces. Physically, parcels initially cool and move downhill by gravity (Belcher et al., 2008) . At the beginning, drag force is smaller than the buoyancy force because wind speed is low and hence parcels are accelerated. Finally, a steady state is reached when these two forces are exactly balanced by increase of the drag force due to the acceleration and decrease of the buoyancy force due to warming from an adiabatic compression.
Mathematically, the steady states of katabatic flows can be determined by Eqs (1) through setting ∂u/∂t = 0 and ∂θ/∂t = 0, i.e.
where the subscript 's' indicates steady states, θ s =θ − θ 0 is the potential temperature deficit. The steady solutions are as follows:
Here the negative solution of wind speed is discarded because we focus on katabatic flows.
For convenience in discussion, we write Eq. (3) in a more compact form
where
Katabatic flows attain a maximum speed at a certain value of sin α as the other parameters are fixed, as shown in Figure 1 . The conditions for maximum katabatic flows are required to satisfy the following equations: Table 1 ). The grey double lines with arrows indicate how maximum katabatic wind speed shifts toward larger slope angles with increasing of the thermal factor and decreasing of canopy length-scale, respectively.
It is clear from the Eq. (6a) that
Thus, the optimal conditions of katabatic flows are determined by a turning point (α m ) at which:
where L c = (cDa) −1 is a so-called canopy length-scale (Belcher et al., 2003) , V T = R c /γ the thermal factor that is defined by the ratio of parcel cooling rate to ambient lapse rate, and b = (2g) −1 {θ 0 /(θ 0 − θ c )} taken as a constant with fixation of θ 0 /(θ 0 − θ c ) at 10 following Davis and McNider (1997) . Substituting Eq. (8a) into Eq. (5a), the maximum katabatic flows (ū sm ) can be expressed as a function of thermal factor and canopy length-scale:
where g = 3 0.25g(θ 0 − θ c )/θ 0 . According to Eq. (8a), the position (sin α m ) of maximum katabatic flows can be shifted from a small slope angle to a large slope angle by increasing the thermal factor (V T ) or decreasing the canopy length scale (L c ). For cases with a similar canopy length-scale (L c = constant), a weak cooling rate or a strong stratification favours the occurrence of maximum katabatic flows on a gentle slope (see examples 1 and 2 ofū sm in Figure 1) , while a stronger cooling rate or a weaker stratification favours the occurrence of maximum katabatic flows on a steep slope (the examples 3 and 4 ofū sm in Figure 1 ). For cases with a similar thermal condition (V T = constant), although decreasing of canopy lengthscale causes the position of the maximum katabatic flows to shift toward a larger slope angle (see examples 5 and 6 ofū sm in Figure 1 ), canopy control (L c ) on maximum katabatic flows is weaker than thermal control (V T ), in comparison with the examples 2, 5 and 6 with 1-4 of maximum katabatic flows shown in Figure 1 and listed in Table 1 . Canopy effects on katabatic flows become diminished with increasing slope angles and can be ignored when the slope angle is greater than 30 degrees (Figure 1) . Regardless of weather thermal control or canopy control, katabatic wind speed is more sensitive to slope angle on a smaller slope angle than on a large slope angle (Figure 1 ).
Concluding remarks
In this note we have derived the optimal conditions for the development of katabatic flows based on a simplified theoretical model. Katabatic flows are not governed by slope angle (gravity) alone, but controlled synergistically by slope cooling, ambient stratification and vegetation structure. The optimal condition Eq. (8b) with power-law elucidates that: (1) gravity plays the most important role in control of maximum katabatic flows due to the cubed sin α; (2) thermal control plays the second most important role due to the squaredV −1 T ; and (3) canopy control plays less of a role than the gravity and thermal controls. The existence of maximum katabatic flow can be understood mainly as a result of competition between gravity and buoyancy. An increased slope causes the increasing of the gravitational acceleration on the drainage parcel. Meanwhile, the increased velocity means that the drainage parcel will be warmed by adiabatic compression heating through the first term on the r.h.s. of Eq. (1b). Consequently, the potential temperature deficit ( θ =θ − θ 0 ) is reduced and hence the buoyancy term in Eq. (1a) becomes smaller. Thus, there is a point in the mid range of slope where maximum katabatic flow can be approached under conditions that all the other parameters, such as lapse rate, cooling rate, leaf area density and drag coefficient (or surface drag coefficient, k , for the case without canopy) are fixed.
The condition of maximum katabatic flow production can be used to resolve the paradox that maximum katabatic flows can occur on either steep or gentle slopes. As illustrated in Figure 1 , the location of maximum katabatic flows shifts from a small slope angle to a large slope angle with increasing thermal factor, V T = R c /γ . An increase in the thermal factor results from either increasing the cooling rate (R c ) or decreasing the lapse rate (γ ). However, the thermal factor is more sensitive to variation of lapse rate than that of cooling rate because night-time cooling rate is proportional to (273 + T) 4 from the Stefan-Boltzmann law; here T is temperature in Celsius. To a good approximation by fixing the cooling rate, the values of the thermal factor are inversely proportional to lapse rate, and are lower with strong stratification and higher with weak stratification. Thus, Eq. (8) predicts that under strong stable stratification maximum katabatic flows occur on gentle slopes, while under weak stratification maximum katabatic flows occur on steep slopes. These theoretical predictions provide insights into why some studies reported the occurrence of strong katabatic flows on gentle slopes while others indicated the occurrence of maximum katabatic flows on steep slopes. It can be verified that all the ambient stratifications were stronger in the reported cases of occurrence of maximum katabatic flows on gentle slopes (e. g. Zhong and Whiteman, 2008; Axelsen and van Dop, 2009) , and were weak in the reported cases of occurrence of maximum katabatic flows on steep slopes (e. g. Horst and Doran, 1986; Davies et al., 1995; Princevac et al., 2008) . The steady states of katabatic flows have been predicted by analytical models as: (1) from Nappo and Rao (1987) ; and (2) a decreasing function of slope angle, e.g.ū s ∝ 1/ tan α from Fleagle (1950) , u s ∝ 1/ √ sin α from Axelsen and van Dop (2009) . We expect that the increasing function ofū s with slope angle is valid under weak stratification conditions while the decreasing function ofū s with slope angle is valid under strong stratification conditions. These expectations are consistent with the results published in the literature excerpt in Mahrt's scale analysis (1982) ; here the relationship between his equilibrium solution and the ambient lapse rate was not clear. However, Mahrt pointed out that his equilibrium solution of katabatic flows is valid under high Froude number or low Richardson number. Therefore, Mahrt's solution is expected to be valid in weak stratification.
Our analysis indicates that in stably stratified air, gentle slopes are optimal for katabatic flow development, while in weak or near-neutral stratification, steep slopes are optimal. Canopy effect is significant in the control of katabatic flows only on gentle slopes. These conclusions are consistent with numerical simulation results (Xu and Yi, personal communication) and can serve as useful guidelines for future modelling and observational programmes.
